A better understanding of failure in heterogeneous rock materials can benefit a wide range of areas, from earthquake engineering to petroleum engineering. Study of such failure is of particular interest in the field of hydraulic fracturing. The prediction of this breakage phenomenon is a big challenge for the scientific community. Traditional continuum modeling techniques have the advantage of using classical nonlinear material models, however they often fail to accurately capture the complexity of the fractured geometry and path of multiple intersecting fractures. In particular, mesh dependence of the fracture path, 3D representation of natural fractures and their intersections, closing of an opened fracture, or shear in fractures, are difficult to accurately capture using these techniques.
Introduction
Hydraulic fracturing is a process typically applied to both conventional and non-conventional reservoirs. In recent years, the hydraulic fracturing of unconventional reservoirs became a topic of interest for the oil and gas industry as these reservoirs, which are characterized by a very low permeability and sometimes exhibit a pre-existing fracture network, could contain a large amount of hydrocarbon reserves. An example for such reservoirs are shale gas formations where hydraulic fracturing is applied to increase the overall formation permeability, and thus production. Hydraulic fracturing is a very complex process that can be more simply defined as the initiation and the propagation of cracks due to the injection of fluid at high pressure into the formation. It involves several interacting phenomena: (1) fluid-driven fracture propagation, (2) mechanical deformation of the rock, and (3) fluid advection along the fracture and diffusion into the formation.
In the 2000's, exploration and drilling operations in shale gas and shale oil reservoirs have strongly increased all over the world, especially in the USA. It is very clear that the economic viability of these activities is related to the efficiency of the fracturing process. It can be observed from field measurements that the complexity of the fracture network induced by hydraulic fracturing can be very tortuous due to local heterogeneities, in-situ stresses and pre-existing joints in the formation. Consequently, numerical modeling of this phenomenon is very challenging (Economides and Nolte, 2000) . Moreover, due to the inaccurate modeling capabilities in simulating complex fractures, stimulation of unconventional reservoirs relies on estimations from microseismic observations and a trial-and-error approach. This is a major limitation, the oil industry should be able to use an engineering approach to optimize the fracture parameters and production according to reservoir properties.
Indeed, hydraulic fracturing simulation can provide useful information such as fracture dimensions, proppant distribution, fracture surface areas, etc. This information can be used to improve production and cannot be obtained only by microseismic measurements (Cipolla et al., 2011b) . Nevertheless, the simulation of the initiation and propagation of a hydraulic fracture network in a formation presents lots of difficulties (Weng, 2015) . The amount of research on this topic has increased over the past years showing good progress, but certain aspects are not fully understood yet or are limited by computational power.
The first study on hydraulic fracture initiation and propagation was published by Haimson and Fairhurst (1967) to determine in-situ stresses in earth's crust. However there is prior evidence of hydraulic fracturing to increase hydrocarbon production (Clark, 1949) . Despite the use of hydraulic fracturing as a principal stimulation technique for years (Howard and Fast, 1970) , oil and gas companies are still dealing with numerous problems like premature screen-outs or low proppant concentrations (Cleary et al., 1993; Hossain et al., 2000) .
Computational simulations are heavily used to investigate the process of rock degradation and failure involved in hydraulic fracturing. Several numerical techniques have been used to address this question, such as (1) the lattice-based model (Blair and Cook 1998) ; (2) fast Lagrangian analysis of continua (FLAC) (Fang and Harrison 2002) ; (3) particle flow code (PFC) analysis (Potyondy and Cundall 2004) ; and (4) digital image approaches based on FLAC (Chen et al. 2004 ) and the FEM (Ortiz et al. 1987 ) for localized failure. Of course, the classical Finite-Element Method (FEM) (Williams, 1987 , Tang et al., 2000 and Extended Finite Element Method (XFEM) (Taleghani, 2009) have been widely applied to analyze fracture propagation in rock materials.
These methods can successfully predict the failure process in one aspect or another; however, they also have limitations. For example, it is not an easy task to evaluate the parameters related with fracture (fracture toughness, crack density) that are needed to correctly calibrate the model. Besides, grid-based methods do not typically work well for simulation of large deformations, fractures, and fragmentation, especially if discontinuities occur in the failure process. The most widely used strategy to handle a moving discontinuity is to remesh the domain in each step such that the discontinuity is accurately represented in the simulation mesh and exists along the boundaries of mesh elements. Of course, this introduces numerical difficulties (loss of accuracy, complex implementation, computational time). Another common method used to solve these problems is the Discrete Element Method (DEM) (Hocking et al., 1987, Nasehi and Mortazavi, 2013) . However, this method is restricted to only small scales and requires calibration to estimate the parameters for solid mechanics (Wang and Tonon 2010) .
Meshless methods have gained popularity in the past decades and now offer the advantage of being able to simulate large deformations, fracture propagation, and fragmentation that may occur during the hydraulic fracturing process (Ouchi et al. 2015 and others) . Among the mesh-free methods, Smoothed Particle Hydrodynamics (SPH) has shown promising results in simulating the large deformation behavior of solids and fluids. SPH was first developed for astrophysical dynamics (Gingold and Monaghan 1977; Benz et al. 1989) . It is relatively easy to formulate SPH schemes from a system of equations describing a continuum, and thus the method has been applied successfully to a vast range of problems. These include, but are not limited to, elastic flow (Monaghan 1992) , fluid flow (Monaghan 1994; Morris et al. 1997) , heat transfer problems (Cleary and Monaghan 1999) , multiphase flow (Monaghan and Kocharyan 1995; Tartakovsky et al., 2015) , geophysical flow (Cleary and Prakash 2004) , fluid-structure interaction (Pan et al. 2015) and post-failure of cohesive and non-cohesive soils (Bui et al. 2008 ). Benz and Asphaug (1995) first successfully extended SPH to the simulation of the fracture process in brittle solids, subsequently, Randles and Libersky (1996) and then Gray et al., (2001) made significant improvements in extending SPH to elastic dynamics. Recently, Das (2008, 2010) , and Deb and Pramanik (2013) demonstrated the abilities of SPH in modeling the brittle fracturing process of rocks under impact and compressive loading. SPH is a gridless Lagrangian particle method that replaces the continuum equations of motion with particle equations. Because of the Lagrangian nature of particles, cracks initiate immediately after the yielding of particles. Cracks that occur in between the yielded particles interact with each other to form a dominant crack without any special treatment.
In this paper, SPH has been used to study fracture initiation and propagation in the in-situ stress field. A softening elastoplastic constitutive model has been applied in the framework of SPH to simulate the yielding response of individual particles. The Drucker-Prager yield criterion is incorporated in the constitutive model for plastic deformation and a non-associated flow rule is used to maintain inelastic dilatancy (Bui et al. 2008) . For detection of tensile failure of a SPH particle, the Grady-Kipp damage model is used (Grady et al., 1980; Melosh et al., 1992) . These models are coupled together so that shear and tensile failures can be treated during the same simulation. We first give a brief overview of the governing equations and constitutive model. We then introduce SPH equations for solids. Finally we demonstrate the validity of our model, by comparing to analytical solutions.
Problem Formulation
Consider a two-dimensional hydraulic fracture,⌫ fs , driven by fluid pressure propagating in a homogeneous isotropic impermeable medium, ⍀ s , under the plane strain assumption (Figure 1) . The boundary of the domain consists of ⌫ t on which prescribed traction, , is imposed, ⌫ u on which velocity, , is applied, and fracture surface, ⌫ fs , which is subjected to fluid pressure, p f . In this problem, it is assumed that the fracture space is completely filled by the injected fluid. The objective of the problem is to determine stress concentration inside the solid domain, deformation, fracture opening and its propagation. 
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Governing Equations:
The stress field inside the domain, , is related to the in-situ stress condition and the fluid pressure, p f . The governing equations for modelling rock media consist of conservation of mass and momentum in a Lagrangian system as follows (1) (2)
Generally, density in a homogeneous rock specimen does not differ much from the original density during elastic deformation, therefore the density can remain constant without using the mass conservation equation. But when stain localization appears due to yielding, density changes significantly as a result of localized dilatancy. To account for the change in density, the continuity equation has been used in the governing equations.
Constitutive Model
Under the assumption of small strain, the rate of strain tensor can be expressed as a kinematic relationship with velocity field such that (
For an elasto-plastic material, the rate of strain tensor can be decomposed into an elastic component and plastic component as (7) The material behavior in ⍀ s \⌫ fs is governed by a linear elastic law, and the incremental form of the constitutive model is given by (8) where D is the fourth order standard isotropic elastic tensor; G and K are, respectively the shear and bulk moduli; and are the deviatoric and volumetric parts of the elastic rate of strain tensor.
Non-linearities in rock behavior arise from two micro-mechanical changes, damage accumulation due to the development of microstructure, and plastic flow. Plastic flow results in permanent deformation and is the consequence of a dislocation process along the development of the slip line, which is controlled by the presence of local shear stress. Since both micro-cracking and plastic flow are present in the non-linear response of rock material, a suitable constitutive model should address equally the two physically distinct modes of irreversible changes and should satisfy the basic postulates of mechanics.
For the plastic flow rule the Drucker-Prager plasticity model, F(, q), with an isotropic softening law is used with a flow potential, Q(, q). Then the plastic strain increment, , is
together with the loading-unloading conditions for each instance
where q is the component of internal variables associated with the phenomenon of softening, is the plastic consistency parameter.
In order to account for tensile failure, a generalized Grady and Kipp (1980) damage model for higher dimensions is incorporated to determine the damage variable, D [0,1], when the material is in tension (Melosh et al. 1992) . The damage growth satisfies the condition (Ḋ Ͼ 0), and is governed by the loading surface, in which is the effective tensile strain and denotes the threshold of damage.
Uniqueness of the function with regards to the stress state is ensured by choosing F D as a function of strain. To respect the loading condition, evaluation of damage is defined as (11) where f() is a positive function of strain.
Drucker-Prager model:
The Drucker-Prager yield criterion with zero tensile cutoff is used in this study for modelling shear behavior and strain localization. The surface of the Drucker-Prager cone is an approximation of the Mohr-Coulomb criterion and a modification of the von Mises yield criterion (Figure 2 ). The yield criterion and the plastic potential functions are respectively expressed as (12) where and p() are, the second invariant and mean of the stress tensor respectively. c is the cohesion of the material, the parameters and at the outer edges are given by (13) where is the friction angle and can be found by replacing with the dilatancy angle, ⌿, in the expression for .
Using the above failure surface, the plastic strain takes the form 
In the present study, associative isotropic strain softening is included by letting the cohesion, c, which contributes to the yield function, be a linear function of the accumulated plastic strain (15) Considering the non-associative law, the accumulated plastic strain is then defined by (16) where the scalar parameter k is associated with isotropic hardening. The consistency condition for the Drucker-Prager surface is generally nonlinear, however at time, tϩ⌬t, it reduces to a linear function of ⌬ (Deb and Pramanik, 2013) 
where s and p are trial deviatoric and hydrostatic stresses respectively.
Damage model:
Tensile failure occurs principally due to stress induced micro-cracks. The growth of these micro-cracks renders portions of the rock volume unable to carry loads, which is then reflected in the decrease of the stiffness of the material. To update the stress field, a rational approach similar to that of Melosh et al. (1992) is adopted here to treat only the tensile stress components, the compressive part is kept unaltered. Total stress tensor, , is decomposed into tensile, 
where the fourth-order projection tensors, P ϩ and P Ϫ , are expressed as Faria et al. (1998) 
where I is the fourth-order identity tensor; H( i ) denotes the Heavyside function computed for the i th eigenvalue, i , of ; the second order symmetric tensor, P ij , is defined as (20) where n i is the i th normalized eigenvector corresponding to i . Now, the activation of microstructural flaws (defects) should be described in the damage model. It could be based on a Griffith criterion or a dynamic fracture criterion due to rapid loading. However, earlier studies on the brittle fracture of rock material have shown that Weibull statistics provide a satisfactory description of the inherent flaws leading to tensile failure (Jaeger et al., 2009; Grady and Kipp, 1980) . This concept is pursued and the number of flaws activated for a given tensile strain can be described by the two parameter Weibull distribution,
where n is the number of flaws which can activate at or below a tensile strain level ; k and m are the material properties that characterize fracture activation.
Assuming a constant crack growth velocity, c g , damage, D, can be evaluated by the following integral equation (Grady and Kipp, 1980) (22) where the current damage is governed by a micro-structural law,
which determines the growth of cracks activated at a past time, .
The constitutive description governing the damage growth is given by an approximate differential form of the damage model as (24) where (25) The crack growth speed, c g , can also be regarded as an additional tensile fracture property which governs the rate of damage growth during dynamic failure. A common value is c g ϭ0.4ϫc s where c s is the speed of sound in the material (Melosh et al. 1992) .
The state of damage in the materials is then characterized by means of a damage threshold with the following form (26) where is the effective tensile strain; is the threshold value; V is the volume of the SPH particle. Thus, if the effective tensile strain associated with maximum principal stress is less than the critical threshold value, no damage occurs in the rock particles. On the other hand, if the effective tensile strain exceeds the threshold value, damage has occurred in the rock particle and is evaluated from equation (24). After evaluating damage, the tensile part in equation (18) is scaled down by the factor (1ϪD) and added with compressive part to have the modified stress tensor for tensile damage.
SPH Formulation of the governing equations
In SPH, the state of particles is represented by a set of points with fixed mass, which possess material properties and interact with the all neighboring particles by a weighting function typically referred to as the smoothing kernel, W (Gingold & Monaghan, 1977) . This function is required to be continuous, differentiable, and must satisfy the normalization, delta function, and compactness properties. Each particle has a support domain, ⌳ a , @a ⍀ s specified by a smoothing length, h a . The value of a function at a typical particle is obtained by interpolating values of that function at all particles in its support domain, weighted by the smoothing kernel. Gradients that appear in the flow equation are obtained via analytic differentiation of the smoothing kernel. The transformation of the set of governing equation Eq. (1) -(2) into the particle approximation yields the following set of SPH equations (27)
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where is the artificial stress term in which is the initial particle spacing. Gray et al. (2001) suggested that nϭ4, ϭ0.3 produces best result for elastic solids.
Numerical results and discussion
Two numerical examples have been simulated to show the efficiency of the current procedure by comparing SPH results to analytical solutions. The first example deals with an internally pressurized circular hole in a rock medium under in-situ stress conditions, the second considers an internally pressurized penny shaped crack. The goal of these two simulations is to show the promising results of SPH for the modeling of failure in brittle rocks and its application to hydraulic fracturing.
Material properties, model parameters and modeling strategies
The material used in these simulations is representative of reservoir sandstone, the properties of which are detailed in Table 1 and are as reported by Nasehi and Mortazavi (2013) . In order to determine these properties, Nasehi and Mortazavi averaged the properties of a high-strength sandstone reservoir.
The Poisson's ratio, v, Young's modulus, E, and the speed of sound, c s , are all computed using the standard elasticity relations. For the hole in a plate problem and the 2D pressurized crack, the Weibull's parameters are kϭ5.53 10 29 and mϭ7.5 whereas for the 3D penny shaped crack, the values are kϭ1.1798 10 29 and mϭ7.5.
Pressurized circular hole
The injection of fracturing fluid into a borehole is one of the main processes during hydraulic fracturing. The fracture initiation and propagation are strongly related to the stress state around the borehole and the orientation of the in-situ stress field in the reservoir. In order to use a simplified model to represent this phenomenon, the 'hole in a plate' problem has been considered. The analysis is focused on a 2D horizontal plane strain section perpendicular to the well axis. The radius of the hole is 0.1 m while the dimensions of the plate are 5 m ϫ 5 m. For these models the vertical effective stress, yy , and the horizontal effective stress, xx , are varied between the following values: 5 MPa, 10 MPa and 20 MPa. The reservoir is therefore constrained under a confining stress state depending on the horizontal compressive stress and the vertical compressive stress. Moreover, a constant radial pressure P is applied in the borehole (Figure 3) . This model consists of approximately 90,000 particles. 
Validation of the establishment of the in situ stresses
Before studying the crack initiation and propagation, it is necessary to validate the establishment of a correct equilibrium stress state following the application of various combinations of borehole pressure and confining stresses. In order to achieve this, only the pure elastic deformation of the material is considered, which means that the Drucker-Prager and the Grady-Kipp models are both disabled. Results are compared against the analytical solution for this case. For a cylindrical hole in an infinite isotropic elastic medium under plain strain conditions, the solution for stress distribution is given by Howard and Fast (1970) and is presented in the following equations.
(29) (30) where a is the radius of the hole, H max( xx , yy ) and h ϭ min( xx , yy ). The concentration of stress field along the X and Y line (Figure 3 ) is considered for comparison where
Comparison of the SPH method against the analytical solution shows good agreement. In cases where borehole pressure is relatively low (P Յ 50 MPa) the average observed error is less than 2%. As borehole pressure is increased to 200 MPa, the average error increases to approximately 8%. Despite this increase in average error, the overall trend of the SPH results fits well with that of the analytical solution, as shown in Figure 4 . The largest errors occur near the borehole, which is explained by the fact that the discretization of the borehole does not exactly represent a circle, which leads to unrealistic stress concentrations in some areas. It is expected that these errors would decrease with increasing model resolution. 
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Crack propagation
Next, the results obtained for 2 sets of in-situ stress states and a borehole pressure of 200 MPa are presented to show the influence of in-situ stresses on the fracture path. This pressure value does not represent the reality of the field practice, but was considered in order to simulate the highly dynamic fracture propagation in a small period of time. In this case, the Drucker-Prager (with non-associative flow rule and trilinear cohesion softening) and the Grady-Kipp models were enabled. Before applying the pressure in the borehole, the simulation is conducted for a certain period of time to allow the stress state to reach equilibrium state, typically 5000 time steps.
Pressure is continuously applied in both the bore hole, and the newly formed fracture surfaces as the fractures propagate. It is considered that when a particle is fully damaged and/or the aperture is large enough, the water can flow inside the fracture and the hydraulic pressure is applied on the fracture surfaces.
As one can expect, the fracture is initiated around the wellbore after an initially plastic deformation (Figure 5a and Figure 6a) . Because the applied pressure is high, fractures are initiated first in every direction around the borehole. Then, the direction perpendicular to the minimum in situ stress value is preferred and the fractures start to grow specifically in this direction (Figure 7a and Figure 7b ). It can be seen that the propagation of the crack is not axial symmetric, because the packing of particles in these models is hexagonal and thus not necessarily symmetric. Moreover, as the borehole is also discretized with hexagonal packing, its circular shape cannot be exactly represented. It is clear that the discretization affects the propagation of damage and the appearance of bifurcations, but one needs to remember that damage does not necessarily mean crack opening. According to the aperture of cracks, it has been observed that only one crack is actually opening (Figure 7c and 7d) .
A high value has been used for the applied pressure in the borehole in order to accelerate the simulation and to obtain more visually instructive results. This does not represent the values that are used in the field for hydraulic fracturing, where much lower net pressures are typically applied. This model is therefore intended as a demonstration of model capabilities.
Penny shaped crack
The penny shaped crack problem is a well-known test case in the field of fracture mechanics. It allows validation of fracture initiation, propagation, and also stress concentrations at the tip of the crack.
In the 2D case, the initial crack is 0.4 m long and is located at the center of a 5 m ϫ 5 m plate ( Figure  8 ). For 3D, the initial crack is a disk with a 0.4 m diameter located at the center of a 5 m ϫ 5 m ϫ 5 m cube. Material properties in both cases are as in Table 1 . To model the initial crack, two layers of fully damaged particles are specified along the initial fracture surface, the pressure, P, is initially applied only here (Figure 8 and Figure 9 ). The whole model is composed of approximately 85000 particles in 2D and assumes plane strain conditions.
2D Validation
The analytical solution for the penny shaped crack in 2D (which corresponds to the so called Line Crack problem) with constant pressure is well known and given as (31)
where P is the applied pressure in the crack, and c, the length of the initial crack. The analytical solution is obtained based on a linear elastic model and it has to be noted that the shape of the displacement curve is elliptical and the stress tends to infinity near the tip of the crack (stress singularity). Figure 11 , the results are in good agreement with analytical solutions especially when it comes to the stress concentration at the crack tip. Average error is less than 2% for stresses where for displacement it is less than 4%. Naturally, numerical models cannot allow infinite stresses at the crack tip, as in the analytical solutions, the general variation of stresses is however accurately captured, even as the crack tip is approached.
Shown in
Concerning the opening of the fracture, an elliptical aperture shape is obtained except at the crack tips. Instead, the shape of the aperture directly at the tip is pointed. Though this is incorrect with respect to the analytical solution, it is likely that the elliptical assumption is not valid directly at the crack tip, and serves only to simplify the derivation of a solution. Further, the analytical solution should be treated with skepticism as it is based on LEFM (Linear Elastic Fracture Mechanics) and implies singularities that would not exist in reality.
Fracture propagation 2D
In order to study the propagation of the fracture, this model is again simulated with material non-linearity. Figure 12 shows the variation of vertical stress beyond the crack tip in the medium as the fracture propagates. Though the analytical solutions in equations (31) and (32) allow for variation of fracture radius, it is not appropriate to compare these results to predictions from these equations. This is because the analytical solution assumes a pseudo-static state, and does not consider the dynamics of fracture propagation.
3D Case
The same problem is then studied in 3D. The entire model is composed of approximately 265,000 particles and modeled using the same techniques as in 2D. The cube is 5 m ϫ 5 m ϫ 5 m and the crack is circular with a radius of 0.2 m and located at the center. The Y axis is the vertical axis in this case.
In 3D, the same analytical solution could not be used because it assumes plane strain. Therefore Figure  13 and Figure 14 show a curve fit of the vertical stress and the vertical displacement in 3D along X and Z. The form of this curve fit is equivalent to the expressions in equations (31) and (32), with additional coefficients included. The vertical stress distribution is in agreement with what one could expect: it increases exponentially as it approaches the tip of the crack and it tends towards zero as it reaches the limits of the domain. A similar conclusion can be made for the vertical displacement; it shows an elliptical shape in both directions, which means that the global crack has the shape of a penny as expected. Nevertheless, as in 2D, it can be observed that the tips of the crack are not as smooth as an ellipsoid, but sharp instead. As in 2D, the axial symmetry is not exactly achieved, due to the fact that the hexagonal packing is not perfectly axial symmetric. The distribution of vertical stress as the fracture propagates is depicted in Figure 15 at different time steps. The stress concentration at the tip can be observed in Figure  16 as the crack propagates gradually. 
Conclusions
Three numerical problems (hole in a plate in 2D, line crack problem in 2D and penny shaped crack in 3D) have been investigated to demonstrate the ability of the proposed SPH framework to simulate hydraulic fracturing problems. An elasto-plastic damage model has been employed in this paper to model material non-linearity, fracture initiation, and propagation, within the SPH framework.
The results predicted from SPH have been compared to analytical solutions and found to be in good agreement. It shows that the proposed SPH method is a promising numerical tool to predict crack initiation and propagation. The main advantage of this method is its meshless property, leading to adaptability, and allowing crack growth and bifurcation in any direction without special treatment. Moreover, SPH is already confirmed to produce good results in studying the behavior of fluids and solids which makes it a good choice to study hydraulic fracturing, where strong interactions between fluids, solids and fracture occur.
The next step would be to compare the results against experimental results and to couple fluids and solids models within the SPH framework to be able to simulate the actual phenomena of the hydraulic fracturing process. 
